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In the present work, we study the Okubo-Zweig-Iizuka-allowed three body open flavor decay properties
of higher vector charmonium and bottomonium states with an extended quark pair creation model. For the
bottomonium system, we get that (i) the BBπ and B∗B∗π partial decay widths of theΥ(10860) state are consistent
with the experiment, and the BB∗π partial decay width of the Υ(10860) state is smaller but very close to the
Belle’s experiment. Meanwhile, (ii) the BB∗π and B∗B∗π decay widths of Υ(11020) can reach 2 ∼ 3 MeV. In
addition, (iii) for most of the higher vector charmonium states, the partial decay widths of the DD∗π and D∗D∗π
modes can reach up to several MeV, which may be observed in future experiments.
I. INTRODUCTION
In 2003, the Belle Collaboration reported the first ob-
servation of the charmoniumlike state X(3872) in exclusive
B±→K±π+π−J/ψ decays [1]. This state was later confirmed
by the CDF [2], D0 [3], BABAR [4], LHCb [5], CMS [6]
and BESIII [7] Collaborations. Its quantum number is deter-
mined to be IG JPC = 0+1++ by the LHCb Collaboration [5].
Following the discovery of X(3872), a large number of char-
moniumlike states have been observed over the last decades,
such as X(3940) [8], X(4140) [9], X(4160) [10], ψ(4260) [11],
ψ(4360) [12], ψ(4660) [13], and so on. These states have at-
tracted lots of attention from theorists. Various hadron con-
figurations including molecular state [14, 15], hybrid me-
son [16, 17], tetraquark [18, 19], etc. have been proposed
to explain their nature. A detailed review can be found in
Ref. [20] and references therein.
Since the charmoniumlike states with normal quantum
numbers have similar masses compared to the normal charmo-
nium, in order to understand the nature of the exotic states, it
is necessary to have a better understanding of the normal char-
monium spectroscopy. In Ref. [21], Li et al. investigated the
spectrum of higher charmonium with screened potential, and
found that the vector states ψ(4008), ψ(4260), ψ(4320/4360),
and ψ(4660) might be assigned as the ψ(3S ), ψ(4S ), ψ(3D),
and ψ(6S ) states, respectively, while X(3940) and X(4160)
might be the ηc(3S ) and χc0(3P) states. However, according to
the constituent quark model description by Segovia et al. [22],
the mass of ψ(4040), ψ(4160), X(4360), ψ(4415), ψ(4630),
and ψ(4660) are compatible with the ψ(3S ), ψ(2D), ψ(4S ),
ψ(3D), ψ(5S ), and ψ(4D) states. Among the charmonium or
charmoniumlike states, the 1−− states are of special interest
because they can be easily produced in the e+e− annihilation.
In Table I, we have listed the predicted masses of the vector
charmonium states from various models.
In addition, the decay properties of charmonium play a piv-
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otal role in revealing the nature of charmonium. From Table I,
we see that the masses of these states are well above the al-
lowed two body open-charm decay threshold; thus the decay
widths mainly come from the strong decays. A widely used
framework for the strong decay is the quark pair creation (3P0)
model. In this model, the cc¯ pair in the initial charmonium
regroups with a qq¯ pair created from the vacuum, which car-
ries the vacuum quantum number JPC = 0++, and then decays
into the outgoing open-charmmesons. About forty years ago,
Le Yaouanc et al. [23, 24] used this model to study the open-
charm strong decays of ψ(4040) and ψ(4415). In 2005, Barnes
et al. performed a systematic study of the higher charmonium
states just above 4.4 GeV, with the charmonium masses cal-
culated in the Godfrey-Isgur (GI) model and a nonrelativis-
tic potential model [25]. In 2012, Segovia et al. [22] stud-
ied the strong decays of the vector charmonium states. For
ψ(3770), ψ(4040), ψ(4160), and ψ(4360) with ψ(1D), ψ(3S ),
ψ(2D), and ψ(4S ) assignments, the calculatedwidths are com-
patible with the experimental values. While for the ψ(4415),
X(4640), and ψ(4660) states, the difference between theoreti-
cal and experimental values of the total widths is larger. Re-
cently, Gui et al. [26] studied the open-charm strong decays
of higher charmonium states up to the 6P multiplet with their
wave functions of charmonium states calculated in the linear
potential and screened potential quark models. Moreover, the
3P0 model has also been used to study the strong decays of
bottomonium states [27–29].
Besides the two body decays, three body open flavor decay
is also important access to dig into the properties of charmo-
nium and bottomonium. In 2008, the Belle Collaboration [30]
first measured the exclusive cross section for e+e−→D0D−π+
over the center-of-mass energy range (4.0−5.0) GeV with the
initial-state radiation (ISR) method and observed the decay
ψ(4415)→D0D−π+. A detailed study found that the decay is
dominated by ψ(4415)→DD¯∗
2
(2460) and
B
(
ψ(4415)→D0D−π+nonresonant
)
B
(
ψ(4415)→DD¯∗
2
(2460)→D0D−π+
) < 0.22 (1)
at 90% C.L. In 2009, they further measured the cross section
of the e+e−→D0D∗−π+ + c.c. process and found no evidence
of ψ(4260), ψ(4360), ψ(4415), ψ(4630), or ψ(4660) with lim-
ited statistics [31]. Recently, the BESIII Collaboration found
2TABLE I: The predicted charmonium masses from various models (in units of MeV).
State QM [38] QM [39] QM [22] SSE/EA [40] NR/GI [25] SP [21] LP/SP [41]
ψ(33S 1) 4225 4100 4097 4078/4096 4072/4100 4022 4078/4030
ψ(43S 1) 4625 4450 4389 4398/4426 4406/4450 4273 4412/4281
ψ(53S 1) · · · · · · 4614 4642/4672 · · · 4463 4711/4472
ψ(63S 1) · · · · · · · · · 4804/4828 · · · 4608 · · ·
ψ(23D1) 4230 4190 4153 4156/4165 4142/4194 4089 4144/4095
ψ(33D1) · · · 4520 4426 4464/4477 · · · 4317 4478/4336
ψ(43D1) · · · · · · 4641 4690/4707 · · · · · · · · ·
ψ(53D1) · · · · · · · · · 4840/4855 · · · · · · · · ·
two resonances in the e+e−→D0D∗−π+ process [32–34]. The
lower mass one is in good agreement with the Y(4220), and
the other one might be ψ(4415). For the bottomonium state,
the Belle Collaboration also measured Υ(10860) decays into
B mesons [35]. The measured fractions are
f
(
BB¯π
)
= (0.0 ± 1.1 ± 0.3)%, (2)
f
(
BB¯∗π + B∗B¯π
)
=
(
7.3+2.3−2.1 ± 0.8
)
%, (3)
f
(
B∗B¯∗π
)
=
(
1.0+1.4−1.3 ± 0.4
)
%. (4)
The measured three-body fractions are significantly larger
than the older predictions [36].
In Ref. [37], we extended the 3P0 model to study the
ψ(4660)→ΛcΛ¯c process with two qq¯ pairs created from the
vacuum. In this paper, we follow the extended 3P0 model to
study the three body open flavor decays of higher charmo-
nium and bottomonium states through a different rearrange-
ment (see Fig. 1). In the framework of the extended 3P0
model, we find that (i) the BBπ and B∗B∗π partial decay widths
of the Υ(10860) state are consistent with the experiment. (For
simplicity, we abbreviate the BB¯π, BB¯∗π+B∗B¯π, and B∗B¯∗π to
BBπ, BB∗π, and B∗B∗π, respectively. A similar abbreviation
is also used for the charmonium decays.) The BB∗π partial
decay width of the Υ(10860) state is smaller but very close to
Belle’s experiment. (ii) The partial decay widths of the DD∗π
and D∗D∗π modes can reach up to several MeV for the higher
vector charmonium states. The three body open charm decay
channels may be observed in the near future.
For the singly heavy hadrons that contain one heavy quark,
the heavy quark symmetry plays a very important role in
the discussion of their properties such as masses and decay
widths. The theoretical framework is the well-known heavy
quark effective theory (HQET). With the help of HQET, the
strong interaction between the heavy hadron multiplets may
be described by one or two coupling constants, which can
greatly simplify the discussion. However, if there exist two
heavy quarks, like the heavy quarkonium that we study here,
the traditional heavy quark expansion does not work anymore
because they may have different velocities. In the present
work, the strong decay widths for the heavy quarkonium states
are restricted by many factors, such as the Clebsch-Gordan se-
ries, masses of the states and so on.
This paper is organized as follows. In Sec. II the 3P0 model
and its extension are briefly introduced. The numerical results
are presented and discussed in Sec. III. Finally, a quick sum-
mary is given in Sec. IV.
FIG. 1: The quarkonium (A) decays into three mesons (B + C + D).
The intermediate state is marked by a red dashed line.
II. THE 3P0 MODEL
The 3P0 model is widely used to calculate the Okubo-
Zweig-Iizuka (OZI) allowed strong decays. It was first pro-
posed by Micu [42] to study the strong decay properties of the
P-wave mesons. Le Yaouanc et al. of the Orsay group fur-
ther developed this model, and used it to study the open flavor
strong decays of mesons [23, 24, 43] and baryons [44, 45].
Since then, this model has been widely used in the study of
baryon strong decays [25, 28, 46–51]. In the 3P0 model, a
light qq¯ pair is created with the vacuum quantum number
JPC = 0++ (hence “the 3P0 model”), and then rearranged
with the quarks within the initial meson to produce two fi-
nal mesons. The decay matrix element can be described by
the interaction Hamiltonian [25, 48, 49]
Hqq¯ = γ
∑
f
2m f
∫
d3xψ¯ fψ f , (5)
where m f is the constituent quark mass of light flavor f , and
ψ f is a Dirac field of quark. γ is a dimensionless constant
standing for the qq¯ pair creation strength, which can be ex-
tracted by fitting to data.
In Ref. [37], we extended the 3P0 model to study the
ψ(4660)→ΛcΛ¯c decay process, which requires two light qq¯
pairs to be created. Here, we go a further step to study the
higher heavy quarkonium decaying into two heavy mesons
plus a light meson, as shown in Fig. 1. The corresponding
3helicity amplitudeMMJA MJB MJC MJD is
δ3 (pA − pB − pC − pD)MMJA MJB MJC MJD
=
∑
k
〈
BCD
∣∣∣ Hqq¯ ∣∣∣ k〉 〈k ∣∣∣ Hqq¯ ∣∣∣ A〉
Ek − EA , (6)
where pi’s are the momenta of the hadrons; |k〉 stands for the
intermediate state; EA and Ek are energies of the initial and
intermediate states, respectively. We first invoke the quark-
hadron duality [52] to simplify the calculation of the rhs of
the Eq. (6) at the quark level. More precisely, we take Ek −EA
as a constant, namely Ek − EA ≡ 2mq since the intermediate
state differs from the initial state by a created qq¯ pair at the
quark level [37] (see Fig. 1). Under the above approximation,
we can rewrite the Eq. (6) as
δ3 (pA − pB − pC − pD)MMJA MJB MJC MJD
=
〈
BCD
∣∣∣ Hqq¯Hqq¯ ∣∣∣ A〉
2mq
. (7)
The corresponding transition operator in the nonrelativistic
limit reads [37]
T =
9γ2
2mq
∑
m,m′
〈1m; 1 − m | 00〉 〈1m′; 1 − m′ ∣∣∣ 00〉
×
∫
d3p3d
3p4d
3p5d
3p6δ
3 (p3 + p4) δ
3 (p5 + p6)
×ϕ340 ω340 χ341,−mYm1
(
p3 − p4
2
)
a
†
3i
b
†
4 j
×ϕ560 ω560 χ561,−m′Ym
′
1
(
p5 − p6
2
)
a
†
5i′b
†
6 j′ , (8)
where pi is the momentum of the ith quark created from vac-
uum. ϕ0 = (uu¯+dd¯+ ss¯)/
√
3 and ω0 = δi j stand for the flavor
and color singlets, respectively. The solid harmonic polyno-
mial Ym(m′)
1
(p) ≡ |p|Ym(m′)
1
(Ωp) corresponds to the P-wave qq¯
pair, and χ1,−m(m′) is the spin triplet state for the created qq¯ pair.
a
†
i
b
†
j
is the creation operator denoting the qq¯ pair creation in
the vacuum.
We use the mock state [53] to define the meson (A)∣∣∣∣A (NA 2S A+1LAJAMJA) (pA)〉
=
√
2EAϕ
12
A ω
12
A
∑
MLA ,MS A
〈
LA MLA ; S AMS A
∣∣∣ JAMJA〉
×
∫
d3p1d
3p2δ
3(p1 + p2 − pA)
× ΨNALA MLA (p1, p2)χ12S A MS A |q1(p1)q2(p2)〉 . (9)
Here the pi (i = 1, 2) is the momentum of quarks in meson A.
Then the helicity amplitude in the center-of-mass frame can
be written as
MMJA MJB MJC MJD (A → BCD)
=
γ2
2mq
√
16EAEBECED
×
∑
mm′
∑
MLA,B,C,D ,MS A,B,C,D
〈1m; 1 − m | 00〉 〈1m′; 1 − m′ ∣∣∣ 00〉
× 〈LA MLA S AMS A ∣∣∣ JAMJA〉 〈LBMLB S BMS B ∣∣∣ JBMJB〉
× 〈LC MLC S C MS C ∣∣∣ JC MJC 〉 〈LD MLD S DMS D ∣∣∣ JDMJD〉
×
〈
χ13S B MS B
χ26S C MS C
χ45S D MS D
∣∣∣∣χ12S A MS Aχ341,−mχ561,−m′〉
×
〈
ϕ13B ϕ
26
C ϕ
45
D
∣∣∣ϕ12A ϕ340 ϕ560 〉 × IMLA mm′MLB MLC MLD (p), (10)
where the factor (−3)2 has been canceled by the color factor
〈
ω13B ω
26
C ω
45
D
∣∣∣ω12A ω340 ω560 〉 = 19 (11)
and I
MLA ,mm
′
MLB ,MLC ,MLD
(p) is the momentum-space integration and
more detailed calculations are shown in the Appendix A. Fi-
nally, the decay width Γ reads
Γ =
∫ ∞
0
dEBdEC
π3
MA
1
2JA + 1
×
∑
MJA,B,C,D
∣∣∣MMJA MJB MJC MJD ∣∣∣2 . (12)
Following the literature in this field [23, 25, 28, 47–51], we
adopt the simple harmonic oscilator (SHO) wave function to
describe the momentum-space wave function of the meson
ψSHOnlm (p) =
(−1)n(−i)l
β3/2
√
2n!
Γ (n + l + 3/2)
(
p
β
)l
× exp
(
− p
2
2β2
)
Ll+1/2n
(
p2
β2
)
Yml
(
Ωp
)
, (13)
where L
l+1/2
n (p
2/β2) is an associated Laguerre polynomial.
In the present work, we set mu = md = 220 MeV, ms =
419 MeV, mc = 1628 MeV, and mb = 4977 MeV for the con-
stituent quark masses [39]. The masses of final state mesons
are listed in Table II. For simplicity, we ignore the isospin
breaking and obtain the meson masses by taking their isospin
averages.
The harmonic oscillator strength β of light mesons takes
the average value 400 MeV [37, 51]. The parameter β’s of
heavy-light mesons (see Table II) are taken from Refs. [28,
51], which are obtained by the relation∫
d3p
∣∣∣ψSHOnlm (p)∣∣∣2 p2 =
∫
d3p |Φ(p)|2 p2, (14)
where the lhs is the root-mean-square momentum of the SHO
wave function, and the rhs is the root-mean-square momen-
tum calculated through the GI model [28, 51]. We use β =
500 MeV for charmonium [25, 54]. In Ref. [28], Godfrey et
al. showed that the parameter β’s are 638, 600, and 578 MeV
for Υ(43S 1), Υ(5
3S 1), and Υ(6
3S 1), respectively, thus we
adopt the average value as 600 MeV for bottomonium states
4TABLE II: Masses and harmonic oscillator strength β’s of final state
mesons used in the decays (in units of MeV).
Meson State Mass [55] β [28, 51]
π 1S 0 138.0 400
ρ 3S 1 775.3 400
ω 3S 1 782.6 400
η 1S 0 547.9 400
D 1S 0 1867.2 600
D∗ 3S 1 2008.6 520
Ds
1S 0 1968.3 650
D∗s
3S 1 2112.2 560
B 1S 0 5279.5 580
B∗ 3S 1 5324.6 540
Bs
1S 0 5366.9 640
B∗s
3S 1 5415.4 600
in this work.
For the qq¯ pair creation strength, we use γ(cc¯) = 6.95
for charmonium decays, which is
√
96π times of that in
Refs. [25, 47] due to a different definition. However, in
Ref. [28] it is found that this value underestimated the two
body strong decay widths of bottomonium, and the fitting of
the open bottom decays of the Υ sector gives γ(bb¯) = 10.42.
Here we adopt the same value of γ forΥ sector as in Ref. [28].
The uncertainty of γ is about 30% [28, 49, 51, 56], and the par-
tial decay width is proportional to γ4. Thus the uncertainty of
our results may be quite large.
III. NUMERICAL RESULTS
A. Charmonium
There are six charmoniulike states above the DDπ thresh-
old, ψ(4040), ψ(4160), ψ(4260), ψ(4360), ψ(4415), and
ψ(4660) with JPC = 1−−. These states are of special interest
since they can be easily produced from the e+e− annihilation.
Note that the ψ(4260) is usually not considered to be a con-
ventional charmonium state [26], so we do not discuss it in
the following.
1. ψ(4360)
The state ψ(4360) was first observed by the BABAR Col-
laboration in the e+e− → γISRπ+π−ψ(2S ) process [12]. Later,
the Belle Collaboration confirmed this state in the same pro-
cess with a statistical significance of more than 8σ [13].
The average values of mass and width listed in PDG are
M = 4368 ± 13 MeV and Γtot. = 96 ± 7 MeV [55]. An
interesting feature is that only the ψ(2S )π+π− [and possibly
ψ2(3823)π
+π−] decay mode(s) was observed, while the open
charm decay modes are still missing [12, 13, 57].
ψ(4360) was interpreted to be a 33D1 state in the nonrela-
tivistic screened potential model [21]. Ding et al. also inter-
preted ψ(4360) as a 33D1 charmonium by evaluating its e
+e−
leptonic widths, E1 transitions, M1 transitions and the open
flavor strong decays in the flux tube model. However, the pos-
sibility of the 43S 1 assignment cannot be ruled out [22]. As
the possible assignments of ψ(4360), it is crucial to study the
decay properties of the ψ(43S 1) and ψ(3
3D1). The theoretical
predictions are listed in Table III.
TABLE III: The partial decay widths (in MeV) of the vector charmo-
nium with a mass of 4368 MeV.
State ψ
(
43S 1
)
ψ
(
33D1
)
ΓDDπ 0.27 0.14
ΓDD∗π 1.40 1.21
ΓD∗D∗π 0.60 0.25
ΓDDη 0.6 keV 0.3 keV
From Table III, the dominant three body decay mode for
both ψ(43S 1) and ψ(3
3D1) is DD¯
∗π with a mass of M=4368
MeV, and the predicted partial decay widths are
Γ[ψ
(
43S 1
)
→DD∗π] ∼ 1.40 MeV, (15)
and
Γ[ψ
(
33D1
)
→DD∗π] ∼ 1.21 MeV. (16)
Combing the measured width of ψ(4360), we further get the
branching ratios
B[ψ
(
43S 1
)
→DD∗π] ∼ 1.5%, (17)
B[ψ
(
33D1
)
→DD∗π] ∼ 1.3%. (18)
The sizeable branching ratios indicates that this state has a
good potential to be observed in the DD∗π decay channel if it
indeed turns out to be either the state ψ(43S 1) or ψ(3
3D1).
Meanwhile, the partial decay widths of DDπ and D∗D∗π
are sizable for the two assignments. If ψ(4360) is the 43S 1
state, we predict
Γ(DDπ) : Γ(DD∗π) : Γ(D∗D∗π) ∼ 1.0 : 5.1 : 2.2, (19)
while the 33D1 assignment gives
Γ(DDπ) : Γ(DD∗π) : Γ(D∗D∗π) ∼ 1.0 : 8.1 : 1.7. (20)
The DDη decay mode is also available kinetically. How-
ever, our calculation shows that its width [O (0.1 keV)] is too
small to be observed because of its tiny phase space.
Unfortunately the three body decay properties of the two as-
signments ψ(43S 1) and ψ(3
3D1) are very similar, which can-
not be used to distinguish these two states in future experi-
ments.
52. ψ(4415)
The ψ(4415) state was discovered by SLAC and LBL in
e+e− annihilation [58]. Later, it was confirmed by the DASP
Collaboration [59]. Its mass and width are (4421 ± 4) and
(62±20) MeV [55], respectively. This state is the unique vec-
tor charmonium with experimental data of three body decays.
The present study of the state ψ(4415) can not only provide an
important test of our model but also let us obtain more infor-
mation about the nature of ψ(4415).
In Ref. [24], Le Yaouanc et al. used the 3P0 model to calcu-
late its open flavor decay and assigned it to be the 43S 1 state.
Later, Barnes et al. confirmed this assignment by comparing
the mass spectrum from GI model calculation. They calcu-
lated all ten open-charmed decay widths of ψ(4415) using the
3P0 model, and found that the total widths and the decay pat-
terns were consistent with experiments [25]. Moreover, they
predicted that DD1 and DD
∗
2
were the major decay modes of
ψ(4415), and the latter predictionwas confirmed by Belle Col-
laboration [30]. Thus it is essential to study the three body
decay properties of ψ(43S 1).
TABLE IV: The partial decay widths (in MeV) of the vector charmo-
nium with a mass of 4421 MeV.
State ψ
(
43S 1
)
ψ
(
53S 1
)
ψ
(
33D1
)
ΓDDπ 0.38 0.11 0.21
ΓDD∗π 2.01 0.96 1.84
ΓD∗D∗π 1.07 0.59 0.52
ΓDDη 5.4 keV 1.7 keV 2.9 keV
Fixing the mass of ψ(43S 1) at M = 4421 MeV, we cal-
culated its partial decay widths and listed them in Table IV.
According to our calculation, its three body strong decay is
governed by the DD∗π channel with the branching ratio
B[ψ(43S 1)→DD∗π] ∼ 3.2%, (21)
which is less than the upper limit (< 11%) listed in PDG [55].
The role of the D∗D∗π channel is also important in the de-
cays. The predicted partial width ratio between D∗D∗π and
DD∗π is
Γ[ψ(43S 1)→D∗D∗π]
Γ[ψ(43S 1)→DD∗π]
∼ 0.5. (22)
Meanwhile, the partial decay width of the DDπ mode is
predicted to be
Γ[ψ(43S 1)→DDπ] ∼ 0.38 MeV (23)
with the branching ratio
B[ψ(43S 1)→DDπ] ∼ 0.6%. (24)
This value is also less than the upper limit (2.2%) obtained by
the Belle Collaboration [30]. To further confirm the nature of
ψ(4415) and test our results, more precise experimental data
are badly needed.
Besides the 43S 1 assignment, there are other interpretations
of ψ(4415). In Ref. [21], Li et al. proposed that the mass
of ψ(4415) was compatible with 53S 1 rather than 4
3S 1 in the
nonrelativistic screened potential model. However, Segovia
et al. suggested that ψ(4415) could be a 33D1 state [22]. In
the present work, we also calculate the partial decay widths
of ψ(53S 1) and ψ(3
3D1) with the mass of 4421 MeV. The
predictions are collected in Table IV.
Fixing the masses at M = 4421 MeV, the dominant three
body decay mode of ψ(53S 1) and ψ(3
3D1) is DD
∗π. The par-
tial decay widths are
Γ[ψ(53S 1)→DD∗π] ∼ 0.96 MeV (25)
and
Γ[ψ(33D1)→DD∗π] ∼ 1.84 MeV. (26)
The above decay widths are large enough to be observed in
future experiments. Moreover,
Γ[ψ(33D1)→DD∗π]
Γ[ψ(53S 1)→DD∗π] ∼ 1.9, (27)
which indicates that the DD∗π branching ratio of ψ(33D1) is
larger that of ψ(53S 1).
In addition, considering the uncertainty of the predicted
masses in various models, we plot the partial decay widths
of the 43S 1, 5
3S 1, and 3
3D1 cc¯ states as the functions of the
mass in the range of M = (4300 − 4700) MeV in Figs. 2–4.
3. ψ(4660)
In 2007, the Belle Collaboration reported an enhancement
ψ(4660) when they measured the cross section of the e+e− →
π+π−ψ(2S ) process [13]. Later, the BABAR Collaboration
confirmed the existence of the ψ(4660) state in the same pro-
cess [60]. The mass and width of the ψ(4660) are (4643 ± 9)
and (72 ± 11) MeV, respectively. According to various quark
model calculations, there are six excited vector charmonium
states around 4.6 GeV (see Table I), namely ψ(4S ), ψ(5S ),
ψ(6S ), ψ(3D), ψ(4D), and ψ(5D). In Ref. [37], we have stud-
ied the ΛcΛ¯c partial decay widths of these states. Here we
discuss their three body decays.
According to the quark model calculation, the mass of
ψ(53S 1) is very close to ψ(4660). Ding et al. also suggested
that the ψ(4660) is a 53S 1 charmonium after studying its e
+e−
leptonic widths, E1 transitions, M1 transitions and the open
flavor strong decays in the flux-tubemodel [61]. As a possible
assignment, we first study the decay property of the ψ(53S 1)
and list the corresponding results in Table V.
From the table, we find that the partial decay widths of
DD∗π and D∗D∗π modes are quite large, which read
B[ψ(53S 1)→DD∗π] ∼ 3.9% (28)
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FIG. 2: The variation of the D+D−π0 partial decay width with the mass of the D-wave vector charmonium. Note that ΓD+D−π0 =
1
6
ΓDDπ since we
have ignored the isospin breaking. The blue, red, and black lines correspond to the predictions with different values of the harmonic oscillator
strength β = 450, 500, and 550 MeV, respectively.
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FIG. 3: The variation of the D+D∗−π0 partial decay width with the mass of the D-wave vector charmonium. Note that ΓD+D∗−π0 =
1
12
ΓDD∗π
since we have ignored the isospin breaking. The blue, red, and black lines correspond to the predictions with different values of the harmonic
oscillator strength β = 450, 500, and 550 MeV, respectively.
and
B[ψ(53S 1)→D∗D∗π] ∼ 3.7%, (29)
respectively. The values are large enough to be observed
in experiment. Meanwhile, the partial decay width of
Γ[ψ(53S 1)→DDπ] is considerable. The partial decay width
ratio is
Γ[ψ(53S 1)→DDπ]
Γ[ψ(53S 1)→DD∗π]
∼ 0.1. (30)
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FIG. 4: The variation of the D∗+D∗−π0 partial decay width with the mass of the D-wave vector charmonium. Note that ΓD∗+D∗−π0 =
1
6
ΓD∗D∗π
since we have ignored the isospin breaking. The blue, red, and black lines correspond to the predictions with different values of the harmonic
oscillator strength β = 450, 500, and 550 MeV, respectively.
TABLE V: The partial decay width (MeV) of the vector charmonium with a mass of 4643 MeV.
State ψ
(
43S 1
)
ψ
(
53S 1
)
ψ
(
63S 1
)
ψ
(
33D1
)
ψ
(
43D1
)
ψ
(
53D1
)
ΓDDπ 1.14 0.31 0.09 0.63 0.17 0.05
ΓDD∗π 6.65 2.83 1.10 6.99 2.99 1.16
ΓD∗D∗π 5.97 2.68 1.13 4.12 2.11 0.96
ΓDDρ 0.85 0.41 0.16 1.86 0.64 0.22
ΓDDω 0.24 0.12 0.05 0.59 0.20 0.07
ΓDDη 53.2 keV 15.3 keV 4.2 keV 29.1 keV 8.2 keV 2.2 keV
ΓDD∗η 0.25 0.12 0.05 0.20 0.11 0.05
ΓD∗D∗η 58.2 keV 38.7 keV 19.1 keV 8.5 keV 9.9 keV 7.5 keV
ΓDsDsη 3.0 keV 0.8 keV 0.2 keV 1.6 keV 0.4 keV 0.1 keV
ΓDsD∗sη 1.9 keV 1.3 keV 0.6 keV 12 eV 11 eV 7 eV
Besides ψ(53S 1), the possibility that ψ(4660) is a ψ(4
3S 1)
or ψ(63S 1) state cannot be excluded completely. Thus we also
calculate the partial decay widths of the ψ(43S 1) and ψ(6
3S 1)
states. Similarly, we fix the mass of ψ(43S 1) and ψ(6
3S 1) at
M = 4643 MeV, and collect their partial decay widths in Ta-
ble V.
As listed in Table V, we obtain that the partial decay widths
of DD∗π and D∗D∗π for ψ(43S 1) are the largest compared to
those forψ(53S 1) and ψ(6
3S 1). The predicted branching ratios
are
B[ψ(43S 1)→DD∗π] ∼ 9.2%,
B[ψ(43S 1)→D∗D∗π] ∼ 8.3%. (31)
However, the ψ(63S 1) state gives the smallest branching ra-
tios, which are
B[ψ(63S 1)→DD∗π] ∼ 1.5%,
B[ψ(63S 1)→D∗D∗π] ∼ 1.6%. (32)
Furthermore, we study the decay properties of the ψ(33D1),
ψ(43D1), and ψ(5
3D1) states, and list their decay properties in
Table V as well. Combined with the total width of ψ(4660),
we obtain the branching ratios of the ψ(33D1), ψ(4
3D1), and
ψ(53D1) states as follows:
B[ψ(33D1)→DDπ] ∼ 0.6%, (33)
B[ψ(33D1)→DD∗π] ∼ 9.7%, (34)
B[ψ(33D1)→D∗D∗π] ∼ 5.7%; (35)
B[ψ(43D1)→DDπ] ∼ 0.2%, (36)
8B[ψ(43D1)→DD∗π] ∼ 4.2%, (37)
B[ψ(43D1)→D∗D∗π] ∼ 2.9%; (38)
B[ψ(53D1)→DDπ] ∼ 0.06%, (39)
B[ψ(53D1)→DD∗π] ∼ 1.6%, (40)
B[ψ(53D1)→D∗D∗π] ∼ 1.3%. (41)
These branching ratios are comparable to those of the S -wave
states. If ψ(4660) is a D-wave state, it is possible to be ob-
served in the DD∗π and D∗D∗π channels as well.
In addition to the DDπ, DD∗π, and D∗D∗π channels,
ψ(4660) can also decay into DDρ, DDω, DDη, DD∗η, D∗D∗η,
DsDsη, and DsD
∗
sη channels. In the same way, we fix the mass
of the states ψ(4S ), ψ(5S ), ψ(6S ), ψ(3D), ψ(4D), and ψ(5D)
at M = 4643 MeV, and calculate their widths of decaying
into these channels. The results are collected in Table V. The
partial decay widths of these channels are relatively smaller.
Among them, the partial decay widths of the DDρ, DDω, and
DD∗η modes are around several tenths of MeV. If ψ(4660)
is one of the above states, it is still possible to observe these
channels.
The mass spectrum predicted by various quark models
bears a large uncertainty, and may have an effect on the par-
tial decay widths. To investigate this effect, we vary the mass
of the states ψ(4S ), ψ(5S ), ψ(6S ), ψ(3D), ψ(4D), and ψ(5D)
from 4300 to 4700 MeV, and calculate their corresponding
decay widths. Here, we just plot the results for the DDπ,
DD∗π, and D∗D∗π channels in Figs. 2–4, and omit the the-
oretical predictions of other channels since their decay widths
are relatively smaller.
4. ψ(4040) and ψ(4160)
There are two remaining states with JPC = 1−−, namely the
ψ(4040) and ψ(4160) state. The ψ(4040) state is commonly
believed to be the 33S 1 cc¯ state [25]. Its average mass and
width are M = 4039 ± 1 MeV and Γtot. = 80 ± 10 MeV [55],
respectively. This is the first 1−− charmonium above the DD¯π
threshold. The mass of ψ(4160) is 4191 ± 5 MeV [55], which
is about 150 MeV heavier than that of ψ(4040). According
to the mass predictions in the quark model [25], this state is
suggested to be the 23D1 cc¯ state. Its two body open charm
decays have been studied by many authors, which also support
this assignment [23, 25, 26].
TABLE VI: The D(∗)D(∗)π partial decay width (in keV) for the two
established charmonium states ψ(4040) and ψ(4160).
Meson State Mode Γ
β=450 MeV
th
Γ
β=500 MeV
th
Γ
β=550 MeV
th
ψ(4040) 33S 1 DD¯π 14.7 20.9 24.0
DD∗π 15.1 3.2 0.5
ψ(4160) 23D1 DDπ 80.4 119.8 142.8
DD∗π 188.3 132.6 134.3
D∗D∗π 0.4 0.1 0.2
We present our results in Table VI. According to our calcu-
lation, the partial decay width is
Γ[ψ(4040)→DDπ] ∼ 20.9 keV, (42)
which is quite small compared to the total decay width of
ψ(4040). More precisely, the branching ratio is
B[ψ(4040)→DDπ] ∼ 2.6 × 10−4. (43)
This ratio is smaller than that of the hidden charm decay
modes of ψ(4040) by 1 order. Because of the narrow partial
decay width, the DDπ decay mode might be not easy to be
observed.
The the DD∗π mode is also available for ψ(4040). Since
DD∗π mode has little phase space, the partial width of
ψ(4040) decaying into DD∗π is about one magnitude smaller
than the DDπ partial width. The partial decay width ratio is
Γ[ψ(4040)→DD∗π]
Γ[ψ(4040)→DDπ] ∼ 0.2. (44)
We also analyze the three body decay properties of ψ(4160)
as the 23D1 cc¯ state, and collect its partial strong decay widths
in Table VI. We obtain the partial decay widths
Γ[ψ(4160)→DDπ] ∼ 119.8 keV (45)
and
Γ[ψ(4160)→DD∗π] ∼ 132.6 keV. (46)
The values are much bigger than the corresponding one of the
ψ(4040). These widths seem not large compared to its total
width (Γtot. = 70±10 MeV), but it is enough to be observed in
those decay channels in experiments. Moreover, the branch-
ing ratios are predicted to be
B[ψ(4160)→DDπ] ∼ 1.7 × 10−3 (47)
and
B[ψ(4160)→DD∗π] ∼ 1.9 × 10−3, (48)
which are comparable to the upper limit of hidden charm de-
cays of ψ(4160). The partial decay width of D∗D∗π mode is
Γ[ψ(4160)→D∗D∗π] ∼ 0.1 keV. (49)
This value is small and hard to be searched for at present.
The results of ψ(4040) and ψ(4160) may have large uncer-
tainties due to their lower masses. At the hadron level, the
allowed intermediate states with the spin parity JPC = 1−−
are DD¯1, D
∗D¯1, D∗D¯0, D∗D¯2, J/ψ f0(500), hc(1P)π, hc(1P)η,
χc0(1P)ω(782), χc2(1P)ω(782) and tetraquark states [18, 62–
64] and so on. Their masses are about ∼ (4.0 − 4.1) GeV.
Thus for the higher mass states, such as ψ(4660), ψ(4415),
and ψ(4360), taking Ek − EA as a constant is a reasonable as-
sumption both at quark and hadron levels. However, for the
lower mass states like ψ(4040) and ψ(4160), the Ek − EA’s
9are quite small and are sensitive to the masses of intermediate
state. In this case, taking Ek − EA as a constant will introduce
a large uncertainty in our calculation.
B. Bottomonim
For the bottomonium system, there are three bb¯ states above
the open bottom threshold, namely Υ(4S ), Υ(10860), and
Υ(11020). A number of studies are available on the study
of their strong decays with the 3P0 model [27, 28, 65] and
other models [36, 66]. Most of them focus on the two body
strong decays. However, the Υ(10860) and Υ(11020) states
can also decay into two bottomedmesons plus a πmeson. Fur-
thermore, these channels for the Υ(10860) state have recently
been observed by the Belle Collaboration [35]. We investi-
gate the three body decays of Υ(10860) and Υ(11020) with
the extended 3P0 model.
The Υ(10860) and Υ(11020) were discovered by the CLEO
Collaboration in the e+e− annihilation [67]. Their masses and
widths are [55]
mΥ(10860) = 10889.9
+3.2
−2.6 MeV, (50)
ΓΥ(10860) = 51
+6
−7 MeV, (51)
mΥ(11020) = 10992.9
+10.0
−3.1 MeV, (52)
ΓΥ(11020) = 49
+9
−15 MeV. (53)
They are usually assigned to be the 53S 1 and 6
3S 1 bb¯ states
in the quark model. We discuss the three body decays of the
Υ(10860) and Υ(11020) states with this assignment.
The partial decay widths of the Υ(10860) state are listed in
Table VII. According to our calculation, we obtain
Γ[Υ(10860)→BBπ] ∼ 0.20 MeV, (54)
Γ[Υ(10860)→BB∗π] ∼ 1.22 MeV, (55)
Γ[Υ(10860)→B∗B∗π] ∼ 0.61 MeV. (56)
The BB∗π decay width is the largest one. Combining with
the total width of Υ(10860), we obtain the branching ratios as
follows:
B[Υ(10860)→BBπ] ∼ 0.4%, (57)
B[Υ(10860)→BB∗π] ∼ 2.4%, (58)
B[Υ(10860)→B∗B∗π] ∼ 1.2%. (59)
The predicted branching ratios of the BBπ and B∗B∗π decay
modes are within the ranges of experimental values measured
by the Belle Collaboration [55]. For the BB∗π decay mode,
our result is slightly smaller than the experiment data.
The partial decay widths of Υ(11020) state are also pre-
sented in Table VII. According to our calculations, we obtain
the corresponding branching ratios
B[Υ(11020)→BBπ] ∼ 0.7%, (60)
B[Υ(11020)→BB∗π] ∼ 6.5%, (61)
B[Υ(11020)→B∗B∗π] ∼ 5.5%. (62)
The branching ratios of the BB∗π and B∗B∗π channels are
quite large. Thus these two channels may be observed by the
Belle II Collaboration in the near future.
C. The effect of β
We have investigated the three body open flavor decays of
five charmoniumlike states with various assignments and two
bottomonium states. In this work, we carried out the cal-
culation by fixing the harmonic oscillator parameter β to be
500 MeV (600 MeV) for charmonium (bottomonium) states.
However, the parameter β of the initial states is not determined
precisely, which may bring in uncertainty to our results. To
estimate this effect, we carry out the preceding calculation by
varying the parameter β of the initial states by 50 MeV. We
investigate the decay properties with two different β values,
β = 450 MeV and β = 550 MeV for charmonium states and
β = 550 MeV and β = 650 MeV for bottomonium states.
The numerical results are presented in Table VI, Figs. 2–4 for
charmonium states and Table VII for bottomonium states.
For the charmonium states ψ(4360), ψ(4415), and ψ(4660)
and bottomonium states Υ(10860) and Υ(11020), we notice
that within a reasonable range of the parameter β, our main
predictions and conclusions hold. However, for the ψ(4040)
and ψ(4160) states, the decay widths are quite sensitive to β.
Particularly, forψ(4040) decaying into DD∗π, when β changes
by 50 MeV, the width varies by a factor of 5. As pointed out
in Sec. III A 4, the ψ(4040) and ψ(4160) states are close to the
mass of intermediate states, and taking Ek − EA as a constant
introduces a large uncertainty in our calculation.
IV. CONCLUSIONS
In the present work, we have investigated the OZI-allowed
three body open flavor decays of excited vector charmonium-
like states and bottomonium states in the framework of the
extended 3P0 model. In spite of the large uncertainty caused
by the parameter γ, it is the first attempt along this direction
in literatures to study this type of decay modes by consider-
ing the creation of two light qq¯ pairs from vacuum. Our main
results are summarized as follows.
For the well-established states ψ(4040) and ψ(4160), we es-
timate their three body open flavor decay properties with the
assignments ψ(33S 1) and ψ(2
3D1), respectively. The partial
decay widths of ψ(4040) should be fairly small (about several
tens keV), and those of ψ(4160) are a little larger, which are
about 0.1 MeV for the DDπ and DD∗π modes.
We also discuss the decay properties of ψ(4360) as a candi-
date of ψ(43S 1) or ψ(3
3D1). From our calculation, the partial
decay width of DD∗π mode can reach up to 1 MeV in both
cases. Thus if ψ(4360) is one of these states, it may be ob-
served in the DD∗π channel.
With the ψ(43S 1) assignment, the DD
∗π and D∗D∗π decay
widths of ψ(4415) are larger than 1 MeV. Meanwhile, the
DDπ decay mode is sizable with a width of ∼ 0.38 MeV. Our
predictions for the branching ratios of the DDπ and DD∗π
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TABLE VII: The B(∗)B¯(∗)π partial decay widths of the vector bottomonium (in units of MeV). Bexp represents the branching ratio for each
corresponding channel.
β = 550MeV β = 600MeV β = 650MeV
Meson State Mode Γth Bi Γth Bi Γth Bi [36] Bexp [55]
Υ(10860) 53S 1 BBπ 0.12 0.2% 0.20 0.4% 0.28 0.5% (0.0 ± 1.2)%
BB∗π 1.36 2.7% 1.22 2.4% 0.94 1.8% (23–30) keV (7.3 ± 2.3)%
B∗B∗π 0.68 1.3% 0.61 1.2% 0.47 0.9% (5–6.6) keV (1.0 ± 1.4)%
Υ(11020) 63S 1 BBπ 0.17 0.3% 0.34 0.7% 0.55 1.1%
BB∗π 2.50 5.1% 3.17 6.5% 3.41 7.0%
B∗B∗π 2.12 4.3% 2.69 5.5% 2.97 6.1%
channels are within the upper limits measured by the Belle
Collaboration [30, 31]. However, assigning ψ(4415) to be
the ψ(53S 1) or ψ(3
3D1) state, we obtain similar decay proper-
ties. Thus, to further determine the inner structure of ψ(4415),
more precise experimental data are needed.
We calculated the three body open flavor decay widths
of ψ(4660) with various assignments, ψ(4S , 5S , 6S ) and
ψ(3D, 4D, 5D). In both cases, its three body decays are domi-
nated by the DD∗π and D∗D∗π channels, and the partial decay
widths can reach up to several MeV. Meanwhile, we notice
that the DDρ and DDω decay widths of the D-wave states are
larger than those of the S -wave states. If ψ(4660) turns out to
be ψ(3D), its DDρ decay width even reaches up to 1.86 MeV.
We have also investigated the three body open flavor decays
of Υ(10860) and Υ(11020). The branching ratios of Υ(10860)
decaying into BBπ and B∗B∗π are consistent with the experi-
mental data, while the BB∗π braching ratio is smaller but very
close to the Belle’s measurement. For Υ(11020), the BBπ,
BB∗π, and B∗B∗π decay widths are 0.34, 3.17 and 2.69 MeV,
respectively. Hopefully the BB∗π and B∗B∗π decay modes of
the Υ(11020) state will be observed by the Belle II Collabora-
tion in the very near future.
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Appendix A: The momentum-space integration
The momentum-space integration I
MLA ,mm
′
MLB ,MLC ,MLD
(p) reads
I
MLA ,mm
′
MLB ,MLC ,MLD
(p)
=
∫
d3p1Ym1 (PB − p1)Ym
′
1 (−PC − p1)
× ψ∗nBLB MLB (p1 − κ1PB)
× ψ∗nC LC MLC (−p1 − κ2PC)
× ψ∗nDLD MLD (p1 − κ32PB + κ31PC)
× ψnALA MLA (p1) , (A1)
where
κ1 =
m1
m1 + m3
, (A2)
κ2 =
m2
m2 + m6
, (A3)
κ31 =
m4
m4 + m5
, (A4)
κ32 =
m5
m4 + m5
. (A5)
In our calculation, only the S -wave states are considered for
the final states. Thus we can rewrite the momentum-space
integration I
MLA ,mm
′
MLB ,MLC ,MLD
(p) as Π
(
MLA ,m,m
′).
For the decay of the 1S state,
Π
(
0,m,m′
)
=
(
1
πβ2
)3/4  1
πβ2
B
3/4
 1
πβ2
C
3/4
 1
πβ2
D
3/4
× exp [ f (PB,PC)] ×
(
π
λ1
)3/2
×
3(−1)m8πλ1 δm′,−m +Ym1 (− (η − 1)PB +̟PC)
×Ym′1 (−ηPB + (̟ − 1)PC)
. (A6)
For the decay of the 1D state
Π
(
MLA ,m,m
′)
= −
(
16
15
√
π
)1/2
1
β7/2
·
 1
πβ2
B
3/4
 1
πβ2
C
3/4
 1
πβ2
D
3/4
× exp [ f (PB,PC)]
(
π
λ1
)3/2
×
 1516πλ2
1
· k(112)
m,m′,MLA
δm+m′,−MLA
11
+
3
8πλ1
·
[
(−1)mδm′ ,−mYMLA2 (ηPB −̟PC)
−(−1)m
√
40π
3
Ym′1 (−ηPB + (̟ − 1)PC)
×YMLA+m
1
(ηPB −̟PC)
×〈1 − m; 1MLA + m|2MLA〉
−(−1)m′
√
40π
3
Ym1 (− (η − 1)PB +̟PC)
×YMLA+m
′
1
(ηPB −̟PC)
×〈1 − m′; 1MLA + m′|2MLA〉
]
+Ym1 (− (η − 1)PB +̟PC)
×Ym′1 (−ηPB + (̟ − 1)PC)
×YMLA
2
(ηPB −̟PC)
. (A7)
Here,
λ1 =
1
2α2
+
1
2α2
B
+
1
2α2
C
+
1
2α2
D
, (A8)
λ2 =
κ1
α2
B
+
κ32
α2
D
, (A9)
λ3 =
κ2
α2
C
+
κ31
α2
D
; (A10)
f (PB,PC) =
(λ2PB − λ3PC)2
4λ1
− κ
2
1
P2
B
2α2
B
−κ
2
2
P2
C
2α2
C
− (κ32PB − κ31PC)
2
2α2
D
, (A11)
η =
λ2
2λ1
, (A12)
̟ =
λ3
2λ1
. (A13)
When m + m′ + MLA = 0, k
(112)
m,m′,MLA
’s are non-vanishing and
take the following values,
k
(112)
±1,±1,∓2 =
√
3
10π
, (A14)
k
(112)
±1,0,∓1 = k
(112)
0,±1,∓1 = −
√
3
20π
, (A15)
k
(112)
±1,∓1,0 =
1√
20π
, (A16)
k
(112)
0,0,0
=
1√
5π
. (A17)
Applying the above momentum space integrations to
Eq. (10), we can calculate the 1S and 1D amplitudes. Am-
plitudes of the radially and orbitally excited states can be ob-
tained by following recursion relations [37, 68],
M3S =
√
2
15
(
α2
∂2
∂α2
+ α
∂
∂α
+
3
2
)
M1S , (A18)
M4S = 2
3
√
35
(
α3
∂3
∂α3
+ 3α2
∂2
∂α2
+
15
2
α
∂
∂α
)
M1S ,(A19)
M5S = 2
9
√
70
(
α4
∂4
∂α4
+ 6α3
∂3
∂α3
+ 24α2
∂2
∂α2
+18α
∂
∂α
+
63
4
)
M1S , (A20)
M6S = 2
45
√
77
(
α5
∂5
∂α5
+ 10α4
∂4
∂α4
+ 60α3
∂3
∂α3
+120α2
∂2
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